We present a topologically non-trivial generalization of gauged N = 16 supergravity on the coset E 8(+8) /SO(16) in three-dimensions. This formulation is based on a combination of BF -term and a Chern-Simons term for an SO(16) gauge field A µ IJ . The fact that an additional vector field B µ IJ is physical and propagating with couplings to σ -model fields makes our new gauging non-trivial and different from the conventional one. Even though the field strength of the A µ IJ -field vanishes on-shell, the action is topologically non-trivial due to non-vanishing π 3 -homotopy. We also present an additional modifications by an extra Chern-Simons term. As by-products, we give also an application to N = 9 supergravity coupled to a σ -model on the coset F 4(−20) /SO(9), and a new BF -Chern-Simons theory coupled to ∀ N extended supergravity.
Introduction
Recently, there has been a considerable development for N = 16 maximally gauged supergravity in three-dimensions (3D) on the coset E 8(+8) /SO (16) [1] [2] . This is due to the unexpectedly rich structure of the gauged theory on such a huge coset E 8(+8) /SO (16) , which can not be easily explained by conventional dimensional reductions [3] from 11D supergravity [4] . In fact, new generalizations of simple dimensional reduction by Scherk-Schwarz [3] have been recently discovered [5] , leading to various mass parameters, presumably corresponding to distinct gauging schemes in 3D [2] . Such relationships with 11D by dimensional reductions provide one important motivation of the study of N = 16 supergravity in 3D, since 11D supergravity is regarded as the low energy limit of M-theory [6] . An additional motivation for the study of N = 16 supergravity in 3D is the link between 1D supersymmetric matrix model [7] and M-theory, because the former may be further promoted to supersymmetric 3D model [8] [9] .
As suggested in [2] , another important aspect is that the rich structures of gauged N = 16 supergravity in 3D indicate the existence of supergravity theories even in dimensions higher than 11D, such as F-theory in 12D [10] or S-theory in 13D [11] . From these viewpoints, it is natural to expect the existence of some higher-dimensional supergravity even beyond 11D [12] [13] , which can be studied by investigating gauged N = 16 supergravity in 3D [2] , or its other possible generalizations.
On the other hand, there has been an independent development related to supersymmetric Chern-Simons theories in 3D [14] , in which it has been shown that certain ChernSimons theories in 3D can exist for arbitrary number of supersymmetries up to infinity [15] .
Even though these theories are constructed in the absence of σ -models on such a coset as E 8(+8) /SO (16) , these results indicate that there may still exist many other overlooked non-trivial gauge theories in 3D, even for maximally extended supergravity in the presence of σ -models. The importance of Chern-Simons theory in 3D has been stressed also in different contexts, such as the conjectural relationship between SU(N) Chern-Simons theory on S 3 and topological string with a non-compact Calabi-Yau threefold as the target space [16] .
Considering these developments in extended supergravity in 3D, it seems important to address a question whether there is any other generalization of gauging maximal 3 supergravity in 3D, related to possible Chern-Simons terms. In this paper we show such an alternative way of gauging of N = 16 supergravity in 3D. We introduce the minimal gauge coupling to an independent SO(16) gauge field A µ , distinct from B µ IJ used in the conventional gauging [2] , together with a BF -term and a Chern-Simons term in the lagrangian. Even though the former forces the field strength of A µ to vanish, due to the non-trivial feature of the Chern-Simons term in 3D with π 3 (SO(16)) = Z Z, the system has topologically nontrivial configurations. We also show that we can add an independent SO(16) gauge field that can form an additional non-trivial Chern-Simons term. As an application, we show a similar mechanism in the case of N = 9 supergravity with the coset F 4(−20) /SO(9).
This paper is organized as follows: We start with the topological gauging as described, with the two new terms of BF -type and a Chern-Simons type in the next section. In section 3, we apply a similar technique to the case of N = 9 supergravity coupled to an F 4(−20) /SO(9) σ -model. As a by-product, we also give a new supersymmetric SO(N) Chern-Simons lagrangian coupled to ∀ N extended supergravity in the absence of σ -model, that was not given before. Concluding remarks will be given in section 5.
Appendix A is devoted to Γ -matrix properties for SO(9) Clifford algebra, while Appendix B is for Fierz identities for SO(9) Majorana spinors.
Topological SO(16) -Gauging
We now consider a new gauging of SO (16) 
Our notation is such as
The m, n, ··· = (0), (1), (2) are the local Lorentz, while µ, ν, ··· = 0, 1, 2 are curved indices. These are essentially the same as [2] , except that we always use subscripts for the spinorial indices A, B, ··· for the 128, or the dotted ones .
A, . B, ··· for the 128 of SO (16) , and upper case for the 16 -indices I, J, ···. Note also that our gauged group is SO(16) instead of arbitrary subgroup of E 8(+8) as in [2] . 
with the generators X IJ of SO (16) and Y A on the coset E 8(+8) /SO(16), satisfying
Accordingly, the gravitino field strength is
Other field strengths are defined by
As usual in supergravity [17] , we use the 'hat' symbols for supercovariantized field strengths
where D µ is defined by (2.2b).
As eq. (2.6) indicates, under the local SO(16) gauge symmetry, those vector fields transform as
Even though B µ IJ is a vector, it does not gauge SO (16), but just transforms homogeneously.
There some important geometrical relationships related to our coset E 8(+8) /SO (16), such as the integrability conditions
where
Some remarks are now in order. First, the BF -term in our lagrangian (2.1) forces the field strength F µν IJ to vanish. This is equivalent to forcing the gauge field A µ IJ to be 'pure gauge', which seems to lead to a trivial system. However, since this system is in 3D, and moreover due to the homotopy mapping π 3 (SO(16)) = Z Z, there are some topologically non-trivial configuration possible at the action level, via the explicit A 3 -term in (2.1).
Second, the gauge field C µ IJ can be added as an extra gauge field, transforming differently from A µ IJ , but it has no direct interactions with other fields. Its associated ChernSimons term HC ⊕ C 3 will be also non-trivial due to π 3 (SO(16)) = Z Z.
Third, the A µ IJ -field equation
is exactly the same as the B µ IJ -field equation (duality equation) in [2] , up to an unessential overall factor. Note that all the gravitino-dependent terms are absorbed into the supercovariantized field strengths G µν IJ and P µ A . This also indicates the internal consistency of our theory. As in [2] , eq. (2.11) implies that the vector field B µ IJ is defined as non-local and non-linear functions of the 248 scalar coordinates for E 8(+8) . Due to this duality, the vector field B µ IJ is as physical and propagating as the coset coordinates of E 8(+8) /SO (16) . Moreover, as in [2] , if we multiply both sides of (2.11) by ǫ τ µλ ∂ λ , making use of the integrability condition (2.9), we get
This implies that our extra vector field B µ IJ is physical and propagating in our system.
Since this propagating field B µ IJ has couplings to the σ -fields as source terms as in (2.12), our gauged N = 16 supergravity is equally important as that in [2] with non-trivial difference.
Fourth, the closure on B µ IJ at the linear order needs a special care. This is because when we apply ⌊ ⌈δ Q (ǫ 1 ), δ Q (ǫ 2 )⌋ ⌉ on B µ IJ , we also need the on-shell duality (2.11) leading to
at the linear order. In this process, all the g -linear terms in δ Q ψ µ cancel themselves due to (2.11), and do not contribute to this order. Additionally, a by-product term like ζ AB P µA V B IJ in the closure can be regarded as a gauge transformation at the linear order. This closure on B µ IJ provides another non-trivial consistency check on our total system. Fifth, there are three relatively independent parameters g, m and m in our theory. Due to the homotopy mapping π 3 (SO(16)) = Z Z, m and m should be quantized as
(2.13) 5 Due to the B µ -field equation F µν IJ · = 0, there arises no F µν -dependent terms in here. 6 The factor 1/2 in front of the Chern-Simons term mF A + · · · in the lagrangian is the normalization for SO (16) generators, so that we have 16π in the denominators in (2.13).
Sixth, we can in principle gauge the entire E 8(+8) group in E 8(+8) /SO(16) by A µ . However, since the non-compact gauge groups do not have non-trivial π 3 -homotopy mapping, we have gauged only the maximal compact subgroup SO(16) of E 8(+8) . This is because if the π 3 -homotopy mapping is trivial, the vanishing field strength F µν IJ gives only topologically trivial configurations. Needless to say, we can also gauge any compact subgroup of SO (16) itself, whose π 3 -homotopy mapping is non-trivial.
Seventh, even though the field strength F µν IJ in the gravitino transformation rule in (2.2b) is not supercovariantized, this does not pose any problem. Because the difference from the covariantized one is always proportional to the λ -field which is vanishing by its field equation, so that the on-shell closure of supersymmetry will not be affected. On the other hand, the non-supercovariant field strength is easy to handle for the action invariance confirmation.
Eighth, compared with a model presented in [15] , the similarity is that the SO(N) gauge field A µ IJ is minimally coupled to the gravitino, while its field strength is vanishing by the BF -term. The difference is that the present system is more non-trivial, because of the σ -model physical fields on E 8(+8) /SO(16) in addition to other non-propagating fields.
Application to SO(9) -Gauging for N = 9 Supergravity
We can rather easily see that a similar mechanism works just fine for other extended supergravity theories with lower N < 16. In this paper, we give the example of N = 9 supergravity coupled to the F 4(−20) /SO(9) σ -model with an SO(9) -gauging. This N = 9 supergravity theory is relatively unique, in the sense that it has a simple irreducible structure with the odd number of supersymmetries, with very few analogous examples in any other dimensions. Note also that N = 9 supergravity in 3D corresponds to N > 4 supergravity in 4D upon simple dimensional reduction [3] . Since only local supersymmetry can exist consistently for N > 4 in 4D [18] , N = 9 supersymmetry in 3D is to be intrinsically local. In other words, N = 9 supergravity is the simplest example of intrinsically local supersymmetry in 3D.
Corresponding to the case of E 8(+8) /SO(16), our F 4(−20) /SO(9) has the generators X IJ (I, J, ··· = 1, 2, ···, 9) of SO (9), and the coset generators Y A (A, B, ··· = 1, 2, ···, 16), satisfying 
whose action
3g) One crucial identity related to the cancellation of
with ξ ≡ ǫ K Γ K , which can be confirmed by the Fierz identity (B.2) in Appendix B.
As in the case of E 8(+8) /SO(16) in (2.13), there is non-trivial π 3 -cohomology π 3 (SO(9)) = Z Z, so that we have the quantizations
(n, n ∈ Z Z) .
(3.5)
Yang-Mills Chern-Simons Coupled to ∀ N Extended Supergravity
As careful readers may have noticed, our vector multiplet (C µ IJ , λ I ) can be coupled to arbitrarily large extended supergravities called ℵ 0 supergravity [15] , in the absence of σ -model supermultiplets. As a matter of fact, similar models have been given in [15] .
However, the field content for a vector multiplet in [15] has both fields in the same adjoint representation of a given group G like (A µ I , λ I ). The difference here is that C µ IJ is in the adjoint representation of SO(N), while λ I is in the vector representation. Since we also want to make SO(N) to be local, this system is intrinsically locally supersymmetric. This is because the parameter ǫ I of supersymmetry is also in the vectorial representation of SO(N), so that we can not impose the global supersymmetry condition such as ∂ µ ǫ I = 0, maintaining also the local SO(N) covariance.
Even though this feature sounds rather trivial at first glance, it provides a new concept. Namely, this 'supermultiplet' (C µ IJ , λ I ) has different 'on-shell' degrees of freedom for bosons and fermions, as N(N −1)/2 and N respectively. This is possible due to the special feature of a Chern-Simons lagrangian yielding the field strength to vanish, as well as the property of 3D itself where Chern-Simons theory is possible first of all.
We present here such a system of an extra vector multiplet (C µ IJ , λ I ) coupled to ℵ 0 extended supergravity plus SO(N) gauge and vector fields: (e µ m , ψ µ I , A µ IJ , B µ IJ ), as The corresponding action
Even though we have added the SO(N) gauge field A µ IJ with the coupling constant g, or the mass parameter m, in order to make the result as general as possible, we can delete them by simply putting g = 0 and/or m = 0.
Note that this system can have arbitrarily large number N of supersymmetries called ℵ 0 supersymmetries [15] . The important aspect here is that such a system is associated with the recent conjecture that a Chern-Simons theory with a certain level on S 3 is equivalent to topological string in 2D [16] , much like the correspondence between AdS 3 and conformal field theory in 4D. In other words, even though the Chern-Simons theory introduced here has vanishing field strength in the 'bulk' of 3D, it has important physical significance at the 2D boundary, similar to the AdS/CFT correspondence [19] [9].
Concluding Remarks
In this paper, we have presented a topologically non-trivial modification of N = 16 supergravity in 3D. We have introduced a minimal coupling of an SO (16) There are some similarities as well as differences between our gauged system and that in [2] . One important similarity is that the duality relationship (2.11) is exactly the same as in [2] , namely, the vector field B µ IJ is dual to the scalar field strength P µ A . Therefore, this B µ IJ -field is physical and propagating, so that our gauged system is as non-trivial as the gauging in [2] . The difference is that our system does not have a cosmological constant or the gravitino mass term, while that in [2] does. Instead of a cosmological constant, our system has a topological Chern-Simons term, which leads to non-trivial vacuum configurations. Another difference is that even though the duality relationship is formally the same, our vector B µ IJ is not a gauge field of SO (16), but its role is played instead by A µ IJ as an independent field. Moreover, this physically propagating B µ IJ -field has non-trivial couplings to other physical σ -model fields in its field equation. Due to this non-trivial difference with respect to physical fields, our N = 16 gauged supergravity is equally important as that in [2] .
We have presented in this paper Chern-Simons terms, in particular, for the gauge field Relevantly, if we switch off the σ -model part for the coset E 8(+8) /SO(16), we can formulate such a supersymmetric Chern-Simons term for an arbitrarily large N with no restriction. This is another by-product of our topological gauging of N = 16 supergravity in 3D.
The non-trivial feature of the gauge field A µ IJ with vanishing field strength is very peculiar to 3D, because of the non-trivial Chern-Simons term. It is due to the non-trivial π 3 -homotopy of SO (16) or SO(9) that the newly-added Chern-Simons terms with extended supergravity in 3D make stronger sense. However, paradoxically speaking, our results also indicate the possibility that there are some other extensions of 11D supergravity, when topological effects are taken into account. As a matter of fact, such a trial has been presented since 1980's as extra Chern-Simons terms added to 11D [20] [21] [22] . However, any modification to 11D supergravity, such as higher-order terms, should be also consistent with local supersymmetry. In fact, there has been such a trial on supermembrane corrections to 11D supergravity [23] [24] [25] .
Even though Yang-Mills Chern-Simons theories in 3D look 'trivial', due to their vanishing field strengths in the 'bulk' of 3D, there are lots of non-trivial quantum behaviors, as well as classical topological features. For example, it has been explicitly confirmed that N = 1 supersymmetric Chern-Simons theory is finite to all orders in a non-trivial way [26] . Moreover, it has been found that there are non-trivial finite quantum corrections to the Chern-Simons coefficients [27] . From these developments, the model in this paper may well provide a new, unique and non-trivial link between Chern-Simons theories and N = 16 maximally extended supergravity in 3D. Also from this viewpoint, our new Chern-Simons model coupled to ℵ 0 extended supergravity will be of importance, considering the possible link between Chern-Simons in 3D with topological string in 2D [16] .
In this paper, we have also provided the case of N = 9 supergravity with the σ -model coset F 4(−20) /SO(9) with non-trivial Clifford algebras. Some of these algebras are very powerful, when dealing with quartic terms, which will be of extra help in the future studies of non-maximal extended supergravities. The case of N = 9 extended supergravity is peculiar for the two reasons: First, N = 9 is the smallest N in 3D corresponding to N ≥ 5 supersymmetry in 4D which is intrinsically local. Therefore, N = 9 is the simplest system with intrinsic local supersymmetry in 3D. Second, the odd dimensionality of orthogonal group SO(9) has very few analogous examples in other higher dimensions.
The importance of the coset F 4(−20) /SO(9) comes also from the recent observation that SO(9) might be playing an important role in M-theory [28] . This is because of an interesting analogy between E 8 → SO(16) and F 4 → SO(9), due to the coset coordintates of E 8(+8) /SO(16) and F 4(−20) /SO(9) in the spinorial representations of SO (16) or SO(9), respectively, while SO(9) plays a crucial role as the little group for 11D supergravity as the low energy limit of M-theory [6] [9] [28] .
Our result in this paper has three major important ingredients to be summarized here.
First, it is in 3D or lower dimensions, where the generalizations of maximal supergravity by topological terms make stronger sense, due to the non-trivial π 3 -homotopy. Since such modification of maximal supergravity is difficult in D ≥ 4, it is worthwhile to study possible effects on maximal supergravity in 3D. Second, to put this first point differently, our formulation provides a system that can be a good working ground on the effect of supergravity on non-Abelian Chern-Simons theory, in particular, with the maximal N = 16 supersymmetry. The example of N = 9 we presented gives a supplementary non-maximal case. Third, our result strongly indicates certain higher-dimensional origin of our new gauging mechanism. For example, M-theory and dualities [6] have lead us to many different generalizations of higher-dimensional origins of certain mechanism in maximally extended supergravity, such as the Killing vector generalization for 11D massive supergravity [29] , generalized dimensional reductions [5] , or higher-dimensional supergravity theories [12] [13] . It will be interesting to see if this leads to new higher dimensional theories in D ≤ 11 or even D ≥ 12 [10] [11] [12] .
In this appendix, we list up some practically useful Γ -matrix properties for SO(9) Clifford algebra for N = 9 supergravity. In this appendix, the indices I, J, ··· = 1, 2, ···, 9 are for the 9 of SO(9), while A, B, ···, = 1, 2, ···, 16 are for the 16 of SO (9) . The symmetry property of the Γ -matrices for the Clifford algebra for SO(9) is similar to that for SO(16) except for the dottedness for the latter:
which are confirmed by [30] . Since the charge conjugation matrix can be chosen to be the Kronecker's delta:
, we do not have to distinguish raising/lowering the indices A, B, ···. For example, (χΓ
Typical Γ -algebras are like
As has been mentioned in the text, the symbols such as ⌊ ⌈3⌋ ⌉ stand for the totally antisymmetric IJK -indices, and the repeated pairs, such as the ⌊ ⌈4⌋ ⌉'s on Γ Note also that these results are also valid as the usual γ -matrix algebra in 9D [31] [32], because of their 'formal' equivalence, independent of the metric signature except for (A.2c).
Appendix B: Fierz Identities for SO(9) Majorana Spinors
We list up here important relationships associated with Γ -matrices for the Clifford algebra of SO (9 
